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Interatomic force laws that evade dynamic measurement
Measurement of the force between two atoms is performed routinely with the atomic force microscope. The shape of this interatomic force law is now found to directly regulate this capability: rapidly varying interatomic force laws, which are common in nature, can corrupt their own measurement.
John E. Sader, Barry D. Hughes, Ferdinand Huber and Franz J. Giessibl T he success of the atomic force microscope (AFM) in quantifying structure and forces at molecular and atomic levels hinges on the extreme precision with which the response of its force-sensing microcantilever can be measured 1, 2 . Changes in the AFM cantilever's deflection at the picometre scale and absolute detection of its resonant frequency at the parts per million level are measured regularly.
Dynamic measurements, in which the cantilever experiences a range of forces as it oscillates, lead to a convoluted relationship between the interaction force and the measured resonant frequency, amplitude and/or phase of the cantilever's motion 1 . These observables are converted into force that the cantilever experiences through various established mathematical algorithms [1] [2] [3] [4] [5] . This has led to tremendous advances, including the quantification and direct measurement of chemical forces 6-10 , molecular stiffness 11 and friction 12, 13 , at the atomic scale.
Frequency-modulation AFM (FM-AFM) 14 is used for these atomically resolved measurements. In this operational mode, the cantilever is self-excited in a feedback loop that guarantees that it oscillates on resonance. A second feedback loop monitors and controls its oscillation amplitude. In this way, minute changes in the cantilever's resonant frequency at fixed oscillation amplitude are detected in real time.
Although it provides marked improvements in sensitivity over (standard) static measurements, the FM-AFM methodology for determining force from the measured frequency shift and oscillation amplitude is more complex. Such frequency-modulation force spectroscopy measurements require solution of the integral equation 15 ∫
( ) res is the measured relative change in the cantilever's resonant frequency resulting from the (to be determined) interaction force F(z) between the cantilever tip and sample, ω res is the unperturbed resonant frequency of the cantilever, Δ ω(z) is the change in resonant frequency, k is the dynamic spring constant, a is the oscillation amplitude and z (≥ 0) is the distance of closest approach between tip and sample.
Importantly, equation (1) is a firstkind integral equation -direct numerical solution of such equations is a notoriously 'ill-posed' problem 16, 17 . That is, if equation (1) is solved directly, then small errors in the measured input, Ω (z) and a, can potentially lead to large and unphysical excursions in the recovered force, F(z).
Ill-posedness often results from a blurring effect in which information in the original signal is lost. Common examples are in the field of optics and image processing, where the measured image is blurred relative to the true image of the original object 18, 19 . The aim in such cases is to reconstruct the true image from the measured blurred signal: that is, the image is to be 'deblurred' . Clearly, these inverse problems are ill-posed, with small changes in the measured signal (due to noise) corrupting the reconstructed image -which often contains spurious oscillations absent from the true image. To alleviate this difficulty, various 'regularization' procedures have been formulated that aim to suppress the undesirable effects of noise in the inversion process 18, 19 . Critically, such effects have not been considered in frequency-modulation force spectroscopy.
Because the cantilever in FM-AFM always oscillates at finite amplitude -over which the interaction force between tip and sample is measured -it also produces a blurring effect. We now show that frequency-modulation force spectroscopy can be ill-posed in many practical measurements, with the shape of the force law directly controlling this property; Fig. 1a ,b summarizes our principal findings.
A critical and obvious question immediately arises. Why have previous studies (for example refs [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] ) that directly make use of equation (1) apparently not shown any indication of ill-posed behaviour, when applied to force laws commonly encountered in practice?
To answer this question, we first invert equation (1) numerically, through use of quadrature, to obtain:
where its inverse kernel, M(x), plotted in Fig. 1c , is found to be highly oscillatory with an infinite number of singularities at x = 2na, where n = 0,1,2,… The inverse kernel has never been reported. Thus, a small measurement error in the oscillation amplitude, a, will shift these singularities to different spatial positions. This can obviously lead to ill-posed behaviour, with the recovered force F(z) varying strongly with a. We demonstrate this in Fig. 1d for a textbook force law: the step force. The frequency shift Ω (z) is first calculated from equation (1) for a fixed amplitude, a = 0.1z 0 , from which the force is recovered using the matrix method 4 . Strikingly, a 10% change in the amplitude, a recover , used to recover the force produces strong anomalies that exhibit similar features to the inverse kernel, M(x) (compare Fig. 1c,d) . Even choosing the true value for the amplitude, a recover = a, leads to irregularities in the recovered force F(z). This is due to discretization error, as the input frequency shift and kernel have been sampled over a finite set of discrete z-values; decreasing the number of z-values exacerbates the situation. Such anomalies are yet to be reported, despite many studies confirming the apparent robustness of the FM-AFM methodology [3] [4] [5] 20 . The reason for this
Corrected: Publisher Correction comment oversight is subtle. It turns out that exponential functions are eigenfunctions of equation (1) 3 . That is, if the force law F(z) is of exponential form, then the resulting frequency shift Ω (z) will possess an identical dependence on z. No blurring occurs! Moreover, if F(z) can be written as a linear combination of exponential functionsthat is, the force belongs to Laplace space -then any blurring of the original force law will be minimized. All force laws tested in the literature, for example the Lennard-Jones and Morse-type laws, belong to Laplace space. Consequently, the established and commonly used force inversion algorithms -the matrix method of Giessibl 4 and the Sader and Jarvis method 5 -work beautifully on these force laws with no hint of the ill-posedness exhibited for the step force in Fig. 1d . Note that the step force is discontinuous and therefore does not belong to Laplace space: its measurement using FM-AFM is ill-posed.
Inflection point test
The observed ill-posedness for the step force law is caused by a rapid (discontinuous) jump in the force. For a smooth force law, such a rapid change occurs at its inflection point, where its curvature changes sign. Because the inversion operation, equation (2), samples measurements from finite z (≥ 0) to infinity, spurious results in the recovered force occur only at z-values smaller than that of the inflection point (that is, z < z inf ). This observation motivates a test for ill-posedness that relies on the length scale for variation of an arbitrary force law, F(z), at its inflection point, z = z inf . The AFM cantilever oscillates over a spatial interval of 2a, and thus blurs any rapid variation in the force over this length scale. Consequently, if the length scale, L inf , for a jump in an arbitrary force law is smaller than the oscillation amplitude, this information will be lost in the measured shift Ω (z), leading to ill-posed behaviour. This gives the first condition for ill-posed behaviour:
Since spurious results occur in the region
inf , increasing the oscillation amplitude will move these unwanted results to z < 0, outside the measurement range. Reversing this finding provides the second condition for which ill-posed behaviour can occur: ≲ ∕ a z 2 inf . Combining these formulae gives the required final condition for which ill-posed behaviour may occur:
inf inf This establishes that the force measurement is well-posed, irrespective of the oscillation amplitude, if
This S-factor, which depends on the measured force F, defines an 'inflection point test' that can be easily used by AFM practitioners to gauge the ill-posedness of any force measurement. If S(F) is below the critical limit as stated in equation (4), they may then adjust the chosen oscillation amplitude, a, to eliminate ill-posed behaviour by means of equation (3).
Note that equations (3) and (4) are to be applied to the recovered force, not the measured frequency shift. Equation (3) can also be used independently because equation (4) is derived from it. The utility of this test is evident in Fig. 1b , where it defines the diagonal line. A flow diagram illustrating the required methodology is given in Fig. 2a . comment the matrix method is highly sensitive to the chosen oscillation amplitude, and results of the matrix and Sader-Jarvis methods are strikingly different. Indeed, the matrix method produces a variation by a factor of 4 in the force gradient at z = 50 pm for ± 10% change in a recover . We now demonstrate the utility of the inflection point test. The inflection point (in the recovered force) used to assessed illposedness is shown in Fig. 2b . This yields S(F) ≈ − 18 using both the matrix method and the Sader and Jarvis method; S(F) is also weakly dependent on the chosen oscillation amplitude. This value violates equation (4), establishing potential ill-posedness. Following Fig. 2a, equation (3) then yields ≲ ≲ a 10 pm 54 pm, confirming that the measurement can indeed be ill-posed for the amplitude used: a ≈ 50 pm. Neither the matrix method nor the Sader and Jarvis method should be used in the region < ≲ − z z a 0 ( ) inf when ill-posedness exists; they are both unreliable in such cases.
atomically resolved force measurements
In contrast, Fig. 2c shows a separate atomically resolved measurement involving a CO molecule adsorbed on a copper surface with an oscillation amplitude now chosen outside the interval in equation (3): ≈ > ∕ ≈ a z 50 pm 2 25 pm inf . As expected, this yields well-posed behaviour with similar results for the recovered force from the matrix method and the Sader and Jarvis method. Lower signal-to-noise limits our ability to determine S(F), which is not relevant here because a > z inf /2, guaranteeing well-posed behaviour. Note that the method of Sader and Jarvis exhibits superior noise performance due to regularization of its kernel; the matrix method has no regularization.
The simple gradient method 14 is often used to recover the force when very small amplitudes are employed. However, this is not possible for the step force law (above) because a > L inf (= 0); that is, the condition ≲ a L inf in equation (3) for well-posedness is always violated. The complementary condition, ≳ ∕ a z 2 inf , where z inf is the position of the jump in F(z), provides a solution by enabling the use of larger amplitudes.
A cautionary note: sensitivity to a recover using the matrix method indicates comment ill-posedness. However, it is possible for the inversion problem to be ill-posed but display little variation with a recover . So an analysis of sensitivity to a recover by itself does not give a reliable assessment of the well-posedness of measurements. Instead, the amplitude in individual measurements should be adjusted to lie outside the range in equation (3) while ensuring that the measured force is insensitive to the amplitude used.
More theory is required
Standard regularization schemes such as Tikhonov regularization 17,18 that are used widely for ill-posed inverse problems do not prove advantageous here. Consequently, much work remains to be done, particularly in formulating appropriate regularization schemes for atomically resolved force measurements that eliminate the effects of ill-posedness. This would in principle enable measurements at all oscillation amplitudes, regardless of the nature of the measured force law, which is highly desirable from a practical viewpoint. A complete exposition of the discovery reported in this Comment can be found in ref. 21 . ❐ John E. Sader 1,2 *, Barry D. Hughes 2 , Ferdinand Huber 3 and Franz J. Giessibl 3 
